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Averaged equations governing the motion of equal rigid spheres suspended in a
potential flow are derived from the equation for the probability distribution. A
distinctive feature of this work is the derivation of the disperse-phase momentum
equation by averaging the particle equation of motion directly, rather than the
microscopic equation for the particle material. This approach is more flexible than the
usual one and leads to a simpler and more fundamental description of the particle
phase. The model is closed in a systematic way (i.e. with no ad hoc assumptions) in the
dilute limit and in the linear limit. One of the closure quantities is related to the
difference between the gradient of the average pressure and the average pressure
gradient, a well-known problem in the widely used two-fluid engineering models. The
present result for this quantity leads to the introduction of a modified added mass
coefficient (related to Wallis’s ‘exertia’) that remains very nearly constant with changes
in the volume fraction and densities of the phases. Statistics of this coefficient are
provided and exhibit a rather strong variability of up to 20% among different
numerical simulations. A detailed comparison of the present results with those of other
investigators is given in §10.

As a further illustration of the flexibility of the techniques developed in the paper,
in  Appendix C they are applied to the calculation of the so-called ‘particle stress’
tensor. This derivation is considerably simpler than others available in the literature.

1. Introduction

This paper presents a method for the derivation of averaged equations for disperse
two-phase systems. The method is systematic (meaning that no ad hoc closure relations
are required, at least at the lowest non-trivial order) and general, in that it may be
applied to a variety of thermo-fluid and solid mechanics situations. Here it is
implemented for the case of rigid spheres suspended in a potential flow. In a related
paper (Zhang & Prosperetti 1994), the case of spheres with a variable radius is studied
and a summary of other applications to heat conduction and convection, Stokes flow,
and thermocapillary processes is given in Zhang (1993) and Prosperetti & Zhang
(1993). Our results shed light on many others available in the literature and achieve
some unification. A detailed discussion and comparison with the work of Biesheuvel,
Drew, Lahey, Wallis, Sangani, and others is given in §10.

Although our point of departure is the equation satisfied by the particle distribution
function (Biesheuvel & Spoelstra 1989; Biesheuvel & Gorissen 1990; Koch 1990;
Sangani & Didwania 19934), we use ensemble averaging over the individual phases

t With Appendix C by H. F. Bulthuis.
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rather than over the entire mixture as is more customary (see e.g. Batchelor 1970, 1972,
1974). For the disperse phase we average the particle momentum equation directly,
rather than the momentum equation for the particle material as done by others (sece.g.
Hinch 1977). This procedure offers several advantages as discussed in § 3. In particular,
the disperse-phase momentum equation found in this way involves the gradient of the
continuous rather than the disperse-phase pressure. Qur results are couched in the
framework of the standard two-fluid model of engineering multiphase flow, but their
equivalence with other approaches, e.g. the one in which a mixture momentum and a
disperse-phase impulse equation are formulated, is obvious and is discussed in §10.

The closure of the model involves, among other quantities, the average continuous-
phase pressure gradient, whose relation with the gradient of the average pressure is a
well-known issue in multiphase flow theory (see e.g. Drew 1983; Prosperetti & Jones
1984). This point is of particular importance because it is in relating these two
quantities that many of the interphase momentum transfer effects —in particular,
added mass — arise. Such closure terms are calculated explicitly for dilute suspensions
by analytical means and numerically for the linear problem at finite volume fractions.
The average pressure gradient is related to the gradient of the average pressure by the
introduction of a coefficient that, in this case, is related to the added mass coeflicients
studied by Zuber (1964) and many others (see e.g. van Wijngaarden 1976; Kok 1989;
Biesheuvel & Spoelstra 1989; Sangani, Zhang & Prosperetti 1991), and to the ‘exertia’
of Wallis (19914, ). This new coeflicient has, however, a much smaller range of
variation in its dependence on volume fractions and densities and its use may therefore
offer some practical advantages.

Section 2 develops the basic mathematical tools, in §3 the general form of the
averaged equations of motion is derived, and the ‘small-particle’ case is discussed in
§4. The dilute-limit results are presented in §5 with details of the calculation given in
Appendix B. Section 6 is devoted to a discussion of small-amplitude oscillatory motion
at finite volume fraction. Section 7 contains some details relevant for the numerical
simulation of this case and the results are presented in §§8 and 9. A general discussion
and comparison is given in §10.

2. Preliminaries

We consider N identical spherical homogeneous particles in an infinite, unbounded,
inviscid, incompressible fluid that constitutes the continuous phase. A specific
configuration €% of the system is specified by a set of position vectors y* and velocity
vectors w* for a = 1,2,..., N. With suitable initial conditions, dynamical equations for
the particles and the continuous phase, and conditions ‘at infinity’ for the latter, it is
then possible in principle to uniquely calculate the evolution of the system in time.
Since the particles are indistinguishable, which particle occupies which position is
irrelevant.

We consider an ensemble of realizations and denote by P(V;t) = P(1,2,..., N;¢) the
probability of a specific configuration €. In view of the identity of the particles the
appropriate normalization is

N!'= jd‘gNP(N; 1)

= fd‘"‘y‘l) fd:‘w(“ fd‘“’y(” Jd3w<2) fd“y(N) Jd“’w‘N’ P(1,2,....,N;1). (2.1
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The equation expressing the conservation of the number of realizations constituting the
ensemble under consideration is

oP X
§+ DV, (W P)+A,-(w*P)) = (2.2)
a=1
where we have introduced the abbreviated notation
V, =V, A=V (2.3)

These derivatives are of course to be understood in the generalized sense if P is not
smooth. Equation (2.2) is to be integrated subject to a suitable initial condition and to
the condition of vanishing at infinity both in velocity and in physical space.

The reduced probability distribution P(K; ¢) in which the configuration of K particles
is specified is obtained from P(N;) by integration,

1 _
P(K;t) = (N 01 jP(N, HdgN X, 24
and satisfies the normalization condition
N!

Let y.(x; N) be the indicator function of the continuous phase in the presence of the
configuration 4%, i.e. y. = 1 when, given this configuration, x is in the continuous
phase, and y. = 0 otherwise (see e.g. Drew 1983; Joseph & Lundgren 1990). Similarly,
xp Wwill denote the indicator function of the disperse phase. Since the particle
boundaries have zero measure, y.+ y, = 1. The volume fractions g, of the continuous
and /2, of the disperse phase are defined in terms of these functions by

Be ol 1) = - j €™ PN 1) xo. o6 V), 2.6)

from which, by (2.1),

BetpBp=1 2.7
It is important to realize that the volume fractions depend on time only through the
time dependence of the probability P(N;¢). The indicator function is a purely
geometrical entity only depending on the configuration and on x. An alternative
description would be possible in which the probability function refers to the initial
condition and is independent of time, with all the quantities such as the indicator
functions depending on time following the evolution of the system. The difference
between the two points of view is conceptually similar to the Eulerian and Lagrangian
descriptions in fluid mechanics. Just as in that case, the second description requires the
introduction of the mapping between the initial and the current configuration and is
therefore less convenient than the Eulerian-like description that we adopt.

Similarly to (2.6), we may define conditional volume fractions 85 ,(x, | K) by

IC(,D(x’th) d(gNhKP(N; t)Xc,D(xSN)

_ 1
- W-K)!P(K; t)j

1 - . .
- g | 9 P K K D e s ), 23)
where the conditional probability P(N— K| K ¢), defined by
P(N;f)= P(N—K|K;t) P(K;?), 2.9)
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has been introduced. From (2.1) and (2.5) one deduces
degNKP(N—K[K;t)z(N—K)! (2.10)

It is easy to show that the conditional volume fractions satisfy the same relation (2.7)
as the unconditional ones.

For a configuration of equal spherical particles with radius a an explicit
representation of the indicator function of the disperse phase is

xp(X;N)=1—x.= 2_] H(a—|x—y")), .11

with H the Heaviside distribution. In writing this equation we differ from the standard
approach of kinetic theory (see e.g. Irving & Kirkwood 1950; Cercignani 1988), in
which the spatial extent of the particles is ignored and the indicator function is written
as

N
Xp(x; N) = v 2 8(x—y%), (2.12)
a=1
where v is the particle volume. This form of the characteristic function has recently
been used by several researchers (Biesheuvel & Spoelstra 1989 ; Biesheuvel & Gorissen
1990; Koch 1990; Sangani & Didwania 1993 a). On a technical level, it is the difference
between (2.11) and (2.12) that renders the developments in this and the following
section necessary.
With (2.11) we find

Polx, 1) = *~Z dé™ H(a—|x—y*) P(N; 1)

cz=1

= ! A Jd%l H(a—|x—y™V)) Jd%N‘l P(N; 1)

= J- d?y Jd:"wP(l i), (2.13)
lx-yl<a

where P(1;1) = P(y, w; ). The step from the first to the second line is justified by the
fact that the particles are all identical so that each of them gives the same contribution
to the sum. The second step follows from the definition (2.4) of reduced probability
distribution. By a similar calculation,

BiCe,t]yaw) = Hia—|x—y))+ f

x—yl<a

3 fP(_VWy W t)
43y fd T")_' (2.14)

We also define a local particle number density n by
fd'"‘wP(l ;0 =n(y, o). (2.15)

From the explicit representation (2.11) one finds the following expression for the
space derivative of the continuous-phase indicator function:

e

el x
Ve = 2 da—|x—y) (2.16)
a=1

-y
lx—y%’
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from which the gradient of the continuous phase volume fraction readily follows:

= N Z dS® n@ J d*w™® Jd%N LP(N; 1)
fx=—y%l—a

= J ds,n fd‘*wP(l 1) = J ds,nn(y,1), (2.17)
x—yl=a lx—yl=a

where n denotes the unit normal oriented outward from the particle. The time
derivative of g, can be calculated by using (2.2) as follows:

e _ IJd(gNaP(N;t)

o N! ot

Xc(x; N)

= Jd%”xczw - P)+ A, - (4 P)]

a=1

=_.]}[_,Jd<gfvz:[v (W Pyo)+ A, (5% Pyo)l +4r fd%NPEw Y, xe-

a=1 1

.18)

Since P vanishes at infinity, the first integral vanishes. The terms V, y in the last sum
can be calculated as in (2.16). Again in view of the identity of the particles, proceeding
as in the derivation of (2.17), one then finds

e _ f as, J dowm-w P(1; 1), (2.19)
ot e—yl=a

2.1. Continuous-phase averages

Let now f(x, t; N) be any flow quantity pertaining to the continuous phase at position
x and time ¢ in the presence of the configuration €~ of the particles. To clarify the
meaning of the time dependence explicitly indicated in f; it is important to make the
following remark. If the continuous phase moves only in response to the motion of the
particles, in the framework of potential flow, any flow quantity is completely known
when the position and velocity of the particles —i.e. €~ — are assigned. In this case f.
would not depend explicitly on time but only on x and €”. The time dependence is only
necessary to account for the presence of external agents promoting flow other than the
particles, e.g. moving boundaries or time-dependent forces.

The ensemble average of f,. is defined by averaging over all the configurations such
that the point x is in the continuous phase,

fer(x,1) = 7e N,Jd(ngc(x 1;N) xo(x; N) P(N; 7). (2.20)

The average thus defined is very useful because it is meaningful also in the case of
quantities defined in only one phase, such as the pressure in a liquid-rigid particle
suspension. As will be seen shortly, the price to be paid for this attractive feature is the
non-commutativity with the operation of differentiation due to the lack of ordinary
differentiability of the phase indicator function. In a similar way we introduce the
average {f¢ > (x,t]| K) conditional on the configuration ¥ ¥ of K particles by

1
(N-K)!1 %

7 FLM 267

{ferr(x, 1K) = f GV H xe(x; N) felx, t; N) PN~ K| K1), (2.21)
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It is a simple consequence of these definitions that

(N—K)!
BN

Sed )= A% Be {ferx P(K; 1), (2.22)

By a calculation similar to that leading to (2.17) one finds

V(Be{fed) = Be <Vfc>+f . ndSdeswP(l;t) Sen(x.211),  (223)

f
or equivalently, by use of (2.17) to express VS,

V) = (Wt f ds, n fdﬁwP(l,t)[<fc>l(x,t|1>—<fc><x,z)1. (2.24)
CJix—-y=a

To calculate the time derivative we proceed as in (2.18) and find, after an integration
by parts in phase space,

£ e ton = <°f0+2<w VS WAL

1 Jd(g Nf.P 2 wV_xe (225)
N ! a=1

where the time derivative in the first term has been indicated with a special symbol as
a reminder of the fact that it only acts on the explicit time dependence of f... This is in
fact the partial time derivative of f. for fixed x and €. In the actual flow situation,
fc depends on time not only explicitly, but also through the evolving particle
configuration, which is clearly accounted for by the summation over « in the first term
in the right-hand side of this equation. Hence we may write

%%-?{%2( WV fo+ WAL o), (2.26)

where now the time derivative in the left-hand side is taken for constant x only. By
introducing also the representation (2.16) of Vy. we finally have

g;(ﬁc {Sed) = Be <Eg—to> —JdSy Jd‘* wP(L;)n-w{f),, (2.27)
or, using (2.17),

0

_“<aj;c> = <ag—f> —ﬂicfdsy JdawP(l sOn-w({ o), —<fe)- (2.28)

By use of (2.23) and (2.27) we find

(ﬂc<f0>)+v Belfoued) = fe <afc+v (fcuc)>

- as, [ewpaiomw i n Lok @29
Jx—yl=a

The surface integral is over the surface of all the particles that touch x. For all such
particles the velocity ficld satisfies the kinematic boundary condition

n-w=n-u,x,t|N), (2.30)
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and, since w {f.), = {wf.>,, the integral term in (2.29) vanishes identically so that

2 e U TG Sete)) = o (L4 - o)) @31

The derivation of the corresponding result for the conditionally averaged f. is
somewhat more involved. Since we only have a limited need for this result in the
following, this derivation is presented in Appendix A.

2.2. Disperse-phase averages

For a quantity f,(x,7; N) pertaining to the disperse phase the ensemble average is
defined analogously to (2.20) as

o (5.0) = 5 [ POV (1) 2.32)

Conditional averages are defined similarly to (2.21),

Sorr(x,0) = mj‘d(gl\hl{ P(N—K|K; ) xpfo(x,t;N). (2.33)

By using the explicit representation (2.11) of the particle indicator function y,, by
virtue of the identity of the particles, the average (2.32) may equivalently be written as

1
(N=D!g,

where f{’(x, t; N) denotes the value of f,, inside the particle centred at y* or, with
(2.33),

Spd(x,0) = f d3y® Jdaw(” Jd%N‘l P(N; ) xpfP(x,t;N), (2.34)
bM-xi<a

=g [ aty [ewp . pazo 235)
ﬂD y—xl<a
If £’ does not depend explicitly on the configuration of the other particles, this relation
simplifies to

o= | @ [ewssensnrao 2.36)
ﬂD ly—xi<a
It is readily shown from the expression (2.14) for A}, that, owing to the restriction |y — x|
< a on the domain of integration, here g} = 1.

In dealing with the disperse phase, a different kind of average is useful for quantities
g“®(t; N) pertaining to each particle as a whole. Examples may be the centre-of-mass
velocity, momentum, orientation, shape parameters (although here we only consider
spherical particles), and others. For quantities of this type we define the ensemble
average over all the configurations such that one particle centre is at x by

| 1
dx.NN=———— 3,1 N-1 . (WA~ ]
gx, 0 e DN — 1)!Jd w Jd% P(N;HgP(N;0), (2.37)
where the identity of the particles has been used. If the quantity g does not depend

explicitly on the configuration of the other particles, this definition reduces to

1
x, 1)

g(x, 0 = " fd3wP(x, w; gV (x,w,1). (2.38)

7-2
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In the point-particle approximation of (2.12), the average (2.32) becomes identical with
(2.37). s

From the definition (2.37), after multiplication by n and use of the probability
equation (2.2), we have

—(ng) = n%—%—(Nl D Jdaw‘” jd%N‘lg‘l’ g} [V, -(w*P)+A,-(w*P)]. (2.39)

The terms corresponding to « = 2,3,..., N can be integrated by parts as before and one
1s left with

a=1

where, as in (2.26), .
. ag‘” u : 1
g0 = y + 3 (WY, gD A gD). (2.41)
C a=1

Since one may consider the field gV as defined at particle centres, this result is the same
as a standard one in kinetic theory.

Corresponding transport equations for averages of the type { f;,> can also be derived
but they will not be needed in the following.

We now apply these relations to the derivation of the equations of motion of the
phases.

3. The averaged equations

With the neglect of viscous effects and compressibility, the equations of motion of
the continuous phase are
V-u,=0, 3.1

u 1
a—tC+V~(uCuc) =——Vp.+g, (3.2
Pc

where u, and p, denote the velocity and pressure field, p. is the density, assumed
constant, and g a body force. Upon taking f. = 1 in (2.31) and using the continuity
equation (3.1) we have

fc

W+V-(,6’C {ugyy) =0. (3.3)

By taking f. = u,, we have from (2.31) and (3.2)

e as (e Cte) +po V- (B Cuted )+ ¥ <ped

=B Ac(x,)+pcV-(Bc M)+ fopcg, (34
where we have introduced the Reynolds-like (kinematic) stress tensor
M. = ucy ue) —ucug)
= —(ue—<ucy) (ue—<ucy)), (3.5)
A(x, 1) =V <{pc>—<Vpc), (3.6)

and we have set
or, from (2.24),

A =g [ nds, [PA0@MGO G- 0] 6

C

Equation (3.4) has been written in terms of the gradient of the average pressure in
conformity with the standard form of the widely used two-fluid models. This step
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introduces the quantity 4 defined by (3.6) which must evidently contain inter-phase
momentum interactions. Qualitatively, this is so since the first term in A4, is clearly
sensitive to the macroscale flow properties, while the second one also contains
information on microscale phenomena. As shown in Prosperetti & Jones (1984), this
separation of scales is essential for a proper understanding of the role of pressure forces
in disperse flows. The formal definition (3.6) has the advantage of introducing a clear
operational prescription to effect this scale separation even for concentrated mixtures
for which one cannot unambiguously rely on order-of-magnitude arguments. Other
approaches to the inter-phase momentum interaction are possible, such as the direct
computation of the forces exerted by each phase on the other one (see e.g. Sangani et
al. 1991 and §7 below). Such calculations can provide useful checks, but it would seem
that, ultimately, any two-phase model of engineering significance would have the
structure exhibited by (3.4).

If particles collide, a reaction force will also act on the liquid. Formally, this may be
considered as arising from the action of forces, highly localized in space and time,
appearing in the right-hand side of the Euler equation (3.2). Since we shall have no
need for these effects, we have not included them in (3.4). In this connection, see §4
below.

To obtain averaged equations for the disperse phase we use the general relation
(2.40). By taking gV = 1 we have the conservation equation for the particle number
density n,

on _
—+V-(nw) =0. (3.8)
ot
Since the particles are assumed to be homogeneous, w is the average velocity field of
the particles’ centres of mass.

In the present inviscid framework, the equation of motion of a particle is
mw = —f dS,po(z,t; N)n+mg+F,, (3.9
|x—z|=a
where m is the (constant) particle mass and F, is the force due to collisions with other

particles. By taking in (2.40) g = mw we have

AHnmw)
ot
Carrying out the average of (3.9) according to (2.37) and substituting in the right-hand

side, we find the averaged momentum equation for the particle with centre of mass
at x:

+ V- (nmWwW) = nmw. (3.10)

o(nw 1 —
(gw)+V-(nW) =—_ dSznfd3w Pz, 11 ) P(x, w; t)+ng+£Fc. (3.11)
t MmJ i sma m
With M, =ww—ww=—(w—w)(w—"), (3.12)
1
and A, = V(pc>—%f dSznfdawP(x,w;t) {per, (2.t 1), (3.13)
lx—zl=a

equation (3.11) becomes, for constant p, = m/v,
0 —
P (1) +pp V(W) = =V (pe>+py V- (M) +ppg +ndp+ o F,,  (3.14)
where p,, is the density of the disperse-phase material. A subtle but crucial difference
between 4, and A4,, should be noted here. The first quantity is the result of an integral
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over all the particles touching the point x. The second one, on the other hand, involves
the integral over the surface of a single particle centred at x. The two integrals will be
equal for a uniform dispersion, but differences are to be expected in the general case.
This point will be seen more clearly in the next section where an approximate relation
between A, and A, is derived. Explicit forms for these two quantities applicable for
the dilute case are given in §5. For future reference we note an alternative form of (3.10)
obtained by use of the particle number conservation equation (3.8) and the definition
of M,

$=—+w-vw—%v-(nMD). (3.15)

Several analyses in the multiphase flow literature derive the disperse-phase
momentum equation by averaging the microscopic equation of motion for the particle
material and using the boundary conditions at the surface of each particle. This
procedure exactly parallels the treatment given above for the continuous phase and it
can easily be developed here as well (Zhang 1993). The approach is, however, much less
straightforward and runs into difficulties, e.g. for rigid particles or massless bubbles,
and artifices are necessary to deal with these situations (see e.g. Batchelor 1970;
Sangani & Didwania 1993a). In contrast, we have chosen to treat the particles as
entities in themselves at the outset and to obtain the average disperse-phase momentum
equation by averaging their equation of motion directly. This approach is evidently
more ‘economical’ in the same sense as in ordinary mechanics where the description
of a rigid-body motion in terms of its independent degrees of freedom is simpler than
in terms of the motion of its individual material points because the infinitely many
kinematic constraints of rigidity are automatically accounted for. Clearly, this method
can be extended to any situation in which there are ‘attributes’ that can be ascribed to
the individual particles. For example, for spherical expanding or contracting bubbles,
one can attribute a value of the radius to each bubble and average the corresponding
evolution equation as shown in Zhang & Prosperetti (1994). More general situations
could be handled by ascribing to each bubble shape parameters and averaging the
corresponding evolution equations. As another example, for rigid particles with
complex shapes, in addition to the centre-of-mass momentum equation, one would
average the single-particle angular momentum equation. In this way, the disperse
phase would be described by the field of average centre velocities w and the field of
average angular velocities. Such an approach for the case of ellipsoidal particles is
currently being developed.

The set of averaged equations derived above is not closed since the right-hand sides
contain averages with one particle held fixed and averages of products that must be
expressed as products of averages. Both these difficulties are, of course, well known. In
principle, one can generate averaged equations correct to any order (4,)¥ of the
disperse-phase volume fraction by writing down the equations averaged with K
particles held fixed, and realizing that the terms involving K+ 1 fixed particles that
appear give rise to contributions of higher order and can therefore be neglected. With
this approximation the order-K equations are closed and can be solved. These solutions
are then used to calculate the averages with K particles fixed that appear in the
equations of order K—1, and so on. In this way a closed set of equations for the
unconditionally averaged fields can in principle be obtained. We demonstrate the first
step of this closure procedure in § 5. While it is doubtful that such a plan can be carried
out beyond, say, O(S,)?% our equations also provide a useful basis for the analysis of
the results of numerical simulations as will be explained in §10.



Averaged equations for two-phase flow 195

Since we are neglecting the viscosity of the continuous phase, it is interesting to
consider whether a microscopically irrotational flow will retain this property after
averaging. By use of the differentiation rule (2.24) one finds

Vx up) = <V xug) —ﬂi dew sty P(L; 1) Cupd,—<upd) xn. (3.16)

This relation shows that irrotationality is maintained to O(1), but not to O(f,). The
delicate local balance responsible for giving V xu, =0 is upset by the averaging
process. This result may be interpreted physically as follows. A component of the
vorticity at x is essentially proportional to the circulation of the velocity field around
a small contour centred at x. Since the flow is irrotational, this circulation is zero for
all the realizations where the contour lies wholly in the continuous phase. However, for
some realizations, the contour will be interrupted by the presence of particles, and in
this case the integration will not give a vanishing result for a non-uniform state.
A similar calculation gives, using the fact that w is an independent variable,
wa=—%J(w—W)><VP(x,w;t)d3w. 3.17)
This result would also hold in the presence of viscous flow inside the particles as w is
not the velocity field in the particle phase, but the velocity of the centre of mass of the
particles. Contrary to the continuous-phase average vorticity relation (3.16), the
rotational character of the mean centre-of-mass particle velocity field depends on the
probability distribution and does not necessarily vanish to O(1).

4. Small-particle approximation

The equations derived in the preceding sections contain several terms involving
integration over spheres with a radius equal to the particle radius a. When the averaged
quantities vary slowly on this scale, these integrals may be approximated by Taylor
series expansions.

For the disperse-phase volume fraction (2.13) this procedure leads to

Bio(x, 1) = v[n(x, 1) +5a* Vin(x, 1) + O(a)]. @.1)
This relation gives the leading-order correction term to the widely used approximation
Bp = nv.

In a similar fashion we can obtain an approximate relation between the ensemble-
average disperse-phase velocity <u) (x, f) defined according to (2.32) or (2.35) and the
mean particle centre-of-mass velocity w(x, ). Since here we confine ourselves to rigid
particles, the velocity field u{?(x, ¢; N) inside the ath particle is given by

U (x, 11 N) = W+ 0 x (x—y@), 42)

where 2@ is the angular velocity around the instantaneous axis of rotation through the
particle centre y*. Upon substitution into (2.36) one finds

Gy )= | ) [, 0+, 0 x (x—p)] . @3)

D Jix—yl<a

At this point a Taylor series expansion centred at x gives

Cupy (x, 1) = w(x, 1) +La [V2W+V X Q+%(Vn-VW+Vn x Q)+ O(az)]. (4.4)



196 D. Z. Zhang and A. Prosperetti

The evaluation of the correction term in square brackets requires a dynamical equation
for 9. For the present inviscid flow situation, if the particles are smooth so that no
tangential force arises upon collision, clearly £ = 0. This may be used as a starting
point for the derivation. Since we shall have no use for this result, we do not pursue
the matter further. It may be noted, however, that the dependence of {u,)» on 2@,
which, in the present hypotheses, is an irrelevant quantity as far as the average linear
momentum of the disperse phase is concerned, lends further support to the point of
view adopted in the present paper according to which w, rather than <{u,), is the
fundamental disperse-phase velocity field. Indeed, it is evident that, by a suitable
manipulation of the initial conditions for 2@, (u,> can be made to differ arbitrarily
much from w, even though this difference can in no way alter the motion of the
particles. If the particle momentum equation were based on {u,,», one would have to
include the terms necessary to cancel this spurious effect.
Expanding the integrand we also readily find

1JI e dS,n{pcy> (z,0) =V<{pc) +1ﬂ:—0a2V[V2 {pe (x,0), (4.5)

v
with an error of order a*. With this relation, and dropping terms of order &* and higher,
the expression (3.13) for 4, may be written as

By A, 1) = — f SwPGewsd) | dS.alpeds @t xw) —{ped @D, (4.6)

lx—z|=a

or, upon setting z = x4+,

oo == [ as,n [atuPCewi ORCpod, 11,0 = G (e,
4.7)

Using this expression as a starting point we may derive an approximate relation
between 4, and A, and simplify the expression of the latter. To explain the pro-
cedure (Hinch 1977; Sangani & Didwania 1993 a), consider the term (p.»,(x,¢|1) =
{pey, (x,t|y, w) of the integrand in the expression (3.7) of A.. Since in the integral
|x—y| = a, this quantity may be also written as {p.», (¥ +s,t|y,w), withy = x+ 5 and
|s] = a. In the absence of extreme gradients of the average fields, this quantity depends
slowly on y, which denotes the particle centre, and rapidly on s, which is the position
relative to the centre. This consideration justifies a series expansion in y around x for
fixed s:

PO [Kper (6, 11D =< ped (x,1)]
= P(_}’, w; t)[<pC>1(y+sa tlya W)—<p0>(y+s, t)]
~ Plx, w; ) [{pery (x+5, 1] x, W) =< pcy (x+5,1)]

+5- VAP, w; ) [{pedy (x 45,1y, w)—ped (x+5, D]} (4.8)
Upon substitution into (3.7) and comparison with (4.7), we then find
PedAc=—pBpAp+V-(BpT,), 4.9)

where the additional stress tensor 7, is defined by

T.= —/% jdawP(X, w, 1) dS,mn[{p.>,(z, t|x,w)—{py(x,0)]. (4.10)

lx—z=a
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For a general case in which truncation of the expansion to the second term as in (4.8)
is invalid, one might regard (4.9) as the definition of T. That the sum S, A+, A,
can be expressed as a divergence would then follow from Lagrange’s form of Taylor’s
theorem, the applicability of which only rests on the existence of the first derivatives
of {pe)-

For purposes of comparison with other investigators’ results it is useful to exhibit
explicitly the form of the momentum equations obtained by adopting the small-particle
approximations developed here. They are

pD%(ﬂD W)+ pp V(B W)+ B,V pe>
= fpAp(x, t)+pDv'(ﬂDMD)+ﬂDng+nFci (4.11)
0
Pca(ﬂc ue))+pe V(B {ue) <uc))+ B V<pey

=—PpApx, )+ V-(Bopc M+ 3, To)+Bcpcg—<F,», (4.12)

where — (F,; > is the mean force on the liquid due to particle collisions. From the last
equation one can gain a further understanding of the physical origin of the stress T .
Consider a surface element dS in the mixture around a point x and the force that the
mixture on one side of d.S exerts on the mixture on the other side. This force differs
from that due to the average pressure {p.> because x lies on a particle surface with a
finite probability. Suppose that the particle velocity distribution is biased toward a
certain direction. If dS is taken parallel to this direction, in view of the pressure
distribution around a particle in potential flow, the extra pressure on it will tend to be
lower than {p.>. On the other hand, if d.§ is taken orthogonal to the direction of
motion, x tends to be close to the stagnation point on the particle surface and therefore
the contribution to the pressure force will be higher than { p..>. The dependence of the
force on the orientation of dS is characteristic of the action of a stress.

Although one might expect the two collision contributions to balance in the uniform
case, we avoid enforcing this condition in general as the same mechanism that makes
fc A different from f, 4, might be at work here.

5. Averaged equations to first order

We study here the dilute limit in which the particles introduce an O(8,,) correction
to the continuous-phase equations. This case is interesting not only because it is the
simplest one in which the closure program outlined above can rigorously be carried
out, but also because it gives some insight into the structure of the equations that may
prove useful in future numerical investigations of the finite-volume-fraction case.

According to the definitions (3.7) and (3.13), the evaluation of 4, and A4, requires
the conditionally averaged pressure field {p.»;. Since in the continuous-phase
momentum equation < p.», appears in a term of O(f,) (cf. (3.7)), for results accurate
to O(8,) it is sufficient to calculate this quantity correct to O(1). The pertinent
equations are given in Appendix A and, to O(1) and with the neglect of the body force,
they are

V- Cuey, =0, 5.1)
pe [6<u et

BEDL L e 9 [+ <, =0, 652)
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All the fields are averaged conditionally to the presence of a particle centred at y with
velocity w. For |x — y| o0, the effect of this particle becomes weaker so that (Batchelor
1972)

Cueyy >y, per1—><Per- (5.3)

Upon taking the conditional average of (2.30) we find the following form of the
kinematic boundary condition to be applied at the surface of the particle:

{Uey,-n=w-n. 5.4

The solution of this problem is given in detail in Appendix B. It is based on the
representation of {u.», in terms of a scalar potential since departures from
irrotationality are of higher order in £,, as shown by (3.16). For the disperse-phase term
A, we find

oue)

A= 3902 4 gy ) =y — T

o

Aside from the Reynolds-stress-like term M, this expression agrees with the result for
the force on a single sphere immersed in a flow obtained by several researchers and,
most recently, by Auton, Hunt & Prud’homme (1988). Here and in the rest of this
section we write (u,,» in place of w which is permissible to O(f))) on the basis of (4.4).

In Appendix B we find the following expression for the stress tensor T, appearing
in the expression (4.9) of 4:

Te=3pcl2(Cuc) —up)y 1—31(Kup)y —<up) Cuey —<up))l
—3pc[2ATr M) — M) (5.6)

This result is valid to O(1) and is obtained by expanding {u.) in Taylor series about
a particle centre. Accordingly the error is of the order of the square of the ratio of the
particle size to the macroscopic lengthscale. As a check of the approximation used in
(4.8), we have calculated A4, directly from its definition (3.6), correct to O(f,,), finding
a result identical to (4.9) with 7 given by (5.6).

In Appendix B we also find, to the same degree of approximation,

M = —5fp3(ucy —Cup)) Kue) — Cup))l
+ Kuey —up)) (Cuey = upd) + 558 BT Mp) I+ My (5.7)

The terms in the first square brackets are the same as the result obtained by Biesheuvel
& van Wijngaarden (1984), who, however, implicitly assumed the bubbles to move with
the same velocity, which implies M, = 0.

While the previous results for M and T, are frame-indifferent, the expression (5.5)
for A, is not. This fact is not surprising as, in the derivation, the flow is assumed to
be irrotational, a fact that forbids the use of a rotating coordinate system. The previous
expression can, however, easily be corrected so as to be applicable to a frame rotating
with angular velocity £2. Indeed, since both the gradient operator and p,. are frame-
indifferent, it follows from the definitions (3.6), (3.13) that so must be A, and 4,
Hence we add to each one of these quantities a new term to be determined in such a
way that, upon changing from an inertial to a rotating frame, the result is frame-
indifferent. The calculation is given in Appendix B. The result is unique and is found

to be
Ay =Ap—pc 2% ((upy —<ue)), (5.8)
where the first term in the right-hand side is given by (5.5).

ot

V5, MD)]. (5.5)



Averaged equations for two-phase flow 199

If we assume objectivity (Drew, Cheng & Lahey 1979), this result is also applicable
to the case of a mixture rotating with the angular velocity —£2, which may be
approximated by —3V x {u,) provided this quantity is slowly varying in space. We
thus have

Ap = Ap+3pc(V x Cucy) x (Cupd —uc)). (5.9)

The corresponding expression for A, follows from (4.9) with 47, in place of 4,,. The
additional term in (5.9) is the familiar lift force (see e¢.g. Auton et al. 1988). The
recovery of this result confirms the validity of the objectivity principle in this case.

Combining the previous results we have the final form of the momentum equations.
For the disperse phase we find

[a<up>

oo 0| 422 1 (Cup>-9) <uD>]+ﬂDv<pC>

—1p cﬂp[a<"">

+300 Bp(V x Cued) x Kupy —<uc))+(pp+30) V- (B Mp) + B ppg-  (5-10)

Similarly, the final form of the continuous-phase momentum equation is

0Cue)

gy -V g — <uD>—<uD>-v<uD>]

pcﬂc[ T (ugd-) <uc>}+ﬂc\7<pc>

0Cue) a<uD>

+ uc>-V<ucy—

= —boho| S22 — )V <) |

—3pc BV X uc) x Kupy —<uc)) +%Pc V- {Bol(Cucy —Cupr)*l
—2(Cuc) — up)) Kuc) —up))—ipc VIBp (Tr Mp)l + fopcg.  (5.11)

A comparison with the results of others and a discussion of these equations is given in
§10.

Closure of the system requires an expression for the fluctuating particle volume flux
tensor M, (see e.g. Drew 1991). This missing information cannot be supplied internally
by the theory without a specification of the initial conditions imposed on the particle
probability distribution. This point was noted by Biesheuvel & Spoelstra (1989) who
explicitly assumed that, at each position and time, the particle velocity probability
distribution is strongly peaked around its local, instantaneous mean value. In this case
M, = 0. A similar assumption — whether explicit or implicit — seems to be present in
most of the previous work.

6. The linear problem at finite volume fractions

We now consider the case of finite volume fractions for the linear problem for which
the momentum equations simplify to

0
Pca—t<uc>+V<Pc> = Ac(x,0)+pcg (6.1

d
Po3;W+V {Pc> = Ap(x,)+ppg. (6.2)
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With the assumption of weak non-homogeneity, i.e. that the volume fraction is nearly
uniform, one can determine on the basis of rather general considerations the form of
‘constitutive laws’ for 4, and 4,,

Let us consider 4, first. The primary variables in our system are the average pressure
{pc>, the average velocities {u,.»> and w, and the volume fraction of the disperse phase
Ay, If the momentum equations (6.1), (6.2), together with the continuity equations, are
to form a closed system, then 4, must be expressible in terms of these quantities and,
possibly, their derivatives. We can however disregard (p.> because, for an
incompressible fluid, pressure is only defined up to an arbitrary constant that the
explicit form (3.13) for A,, proves to be irrelevant, and V {p.) can also be disregarded
because it can be expressed in terms of the other variables from the momentum
equations. Similarly, we can neglect the body force g because it can be absorbed in p.
by a suitable redefinition of this quantity that would leave 4,, unchanged, as readily
follows from its definition.

The fact that we are dealing with a linear problem without dissipation rules out the
presence of the velocities (u.), w and of their spatial derivatives because they do not
have the correct behaviour under time reversal. A term of the form (u.) 88,/ has the
correct time-reversal symmetry but, upon use of the continuity equations, it is seen to
be quadratic in the velocities and therefore negligible under the present approximations.

One is then left with a general structure that may be written in the form

Ay = bpc e €5, (o>~ )+ £- S Cuc+9)| 63)

where the coefficients C, £ are second-order tensors that can depend upon p,/p., By,
Vfp- In this list we do not include 04 1,/dt because of linearity and time-reversal
invariance. In the assumption of weak spatial gradients of the volume fractions we
allow terms that are at most linear in VA, = —Vj,. However, it is impossible to
linearly build a second-order tensor with the vector V4, so that C and £ must be
isotropic, e.g. € = CI. Furthermore, if the frame of reference is changed to one in
arbitrary rectilinear motion with respect to the original one, the local value of p.
cannot be affected, and therefore, from its definition, neither can A4,,. Alternatively, an
apparent force of constant direction can be absorbed in the body force g and therefore
cannot affect 4,,. Hence £ must vanish and one is left with

A = o Be Clo ol pe) s (Cttc> — ). (6.4)

Here the leading terms that have been neglected are proportional to |V,6’C ol* and
V?A. b, and hence are proportional to the inverse square of the macroscopic length L
associated with the particle distribution.

A similar argument applied to 7 gives

Toy = pc a* {Dl[vﬂl) a%((”c> - W):I sij
1p B C _ ., 88
0, F28 o=+ 22 e w69

where D, , = D, (£}, pp/pc)- The dilute-limit results of the previous section show that
both D, and D, vanish for 8, = 0. With 4,, given by (6.4), equation (4.9) provides an
expression for A.. Actually, the divergence of T, rather than T, itself enters in this
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relation. Therefore, whenever the characteristic length associated with this divergence
is comparable with, or longer than, that associated with the £, distribution, V-(5, T)
is of the same order as the terms that have been neglected in the previous developments
and can be disregarded. In this case, to a consistent approximation,

Ao =1c o ClBorpolpc) 5 (9 uc)). (66)

We shall assume this form in the following. (With this hypothesis about characteristic
lengthscales, as shown by (4.4), to the same accuracy we can also assume w = {u,,).
Since the angular momentum of the particles is conserved, there is no loss of generality
in assuming a vanishing initial particle angular velocity for the present purposes.)

The coefficient C appearing in (6.4), (6.6) is related to the added-mass coefficient
variously defined in the literature, as we show in the next section. Under the hypotheses
outlined above, for results correct to O(f)) included, it is sufficient to determine C for
the case of a uniform mixture, which will be accomplished by direct numerical
simulation in the following sections.

7. Connection with the added-mass coefficient

The previous results are related to earlier work devoted to the added-mass
interaction in an inviscid incompressible liquid containing a collection of spheres as we
now describe.

In a recent paper, Sangani et al. (1991) considered the linear oscillatory motion of
a suspension of rigid spheres at large Reynolds numbers, a problem that is equivalent,
as is easily shown (Sangani & Prosperetti 1993), to the case of impulsive motion studied
by van Wijngaarden (1976). Motivated by the expression for the force F acting on a
single particle with velocity w immersed in an incompressible inviscid flow with velocity
u,, at infinity,

F =3pc0(tig— W)+ pc oy, (7.1)

Sangani ef al. express the average force per particle in the form

(P> = 1Copov o () = P+ pov i, (12)

where C, is defined as the added-mass coefficient and <{u,,) is the average volumetric
flow rate of the mixture

= Peluc)+ppw. (7.3)

It should be noted that, by the manner of its derivation (see e.g. Landau & Lifshitz
1959), (7.1) presupposes a locally uniform pressure gradient acting on the liquid.
Similarly, it is only under these hypotheses that (7.2) can be considered a correct
representation of the force on the disperse phase and, indeed, Sangani et a/. (1991) limit
their considerations to the case g = 0 with a microscopic pressure field of the special
form

pelx,;N) = —G(D)-x+pY(x— 673 1), (7.4)

where, in the last term, x—%? is shorthand for x —y™, x—y® ... x—y"™_ For more
general pressure distributions, while the fluid—particles interaction may still be
represented by the first term in the right-hand side of (7.2), the effect of the driving
pressure field would not be adequately expressed by the second term.
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Since the first term does not depend on the configuration and the second one is
translationally invariant, upon averaging (7.4) one finds a result of the form

{pcy> =—G-x+Hy, (7.5)

with F(¢f) independent of position. With (6.6) and (6.4) we can then write the
momentum equations (6.1}, (6.2) as

0 o,
pess ey =G = fippe C (9= Cuc), 16)
ow ) _
PD'ét””‘G = %ﬂcpc Ca(<uc>_“’)a (71.7)
from which
0 Cp.+2p, G
— u = ) 7.8
at< 2 BeCpc+Q2+ppC)pppe (7.8)
ow_ C+2 G (1.9)

t BeCpct+Q2+p,C)pp ‘

The form (7.2) implies an averaged particle equation of motion given by
ow
P 5 = (F>. (7.10)

Upon substitution of (7.8) and (7.9) into the right-hand side of this equation we find

ow _ 2+(1—-4,)C,—28,
ETRR G EY Aoy 1D

which is only equal to (7.9) if

C=(=fp)Co=2p Com T
D

It would seem that one might derive this relation by eliminating V {p.» between (6.1),
(6.2) and requiring the result to be identically equal to (7.10). This procedure would be
incorrect, however (as signalled by the fact that the relation between C, and C found
in this way would depend on ©<{u.)/0f) because, as noted before, (7.2) can be
considered an adequate representation of the disperse-phase force only for a spatially
uniform imposed pressure gradient.

Van Wijngaarden (1976) and Kok (1989) calculated C, in the dilute limit and found,
respectively,

(7.12)

C,=14+2768,+0(83), C,=1+3.328,+0(8%). (7.13)

Biesheuvel & Spoelstra (1989) showed that the difference between these two dilute-limit
results was due to assumptions implicitly made on the final state of the dispersion after
the action of the impulsive forces that are assumed to generate the motion. In van
Wijngaarden’s work, the final particle velocity distribution was the result of the
dynamics occurring during the acceleration. In Kok’s and Biesheuvel & Spoelstra’s
approach, on the other hand, it is assumed that the final velocity distribution is
uniform. As shown in Sangani et al. (1991), other values of the added-mass coefficient
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can be obtained with different velocity distributions. Zuber’s (1964) well-known result
for C, is

(7.14)

Upon substitution into (7.12) of the two expressions (7.13) for C, one finds the dilute-

limit results
Crx1-0248,+0(p3), C=~1+0.328,+0(B3), (7.15)

while Zuber’s expression simply gives C = 1.

At finite volume fractions, it was found in Sangani et al. (1991) that Zuber’s
expression (7.14) fits quite well the numerical results irrespective of p,,/p. up to volume
fractions as large as 50 %. Upon comparison of (7.14) with (7.12), we thus expect that
the new coefficient C that we have introduced will be very nearly constant and equal
to 1. This expectation is borne out by the computational results of §9.

8. Computational implementation

Equation (7.12) expresses a connection between the coefficient C introduced in (6.4)
and the coefficient C, studied in Sangani et al. (1991). The numerical values of C could
therefore be directly obtained from that study. Nevertheless, we have recalculated them
so as to check directly the validity of the relation (7.12) and also to obtain some further
statistical information on the convergence of the averaging process.

The details of the method can be found in Sangani et al. (1991). We arrange N,
spheres in a regular array in a cubic cell and then subject each one of them to several
thousands of random displacements. A pseudo-random infinite mixture is generated by
filling the whole space with copies of this fundamental random cell. The collection of
many such realizations constitutes the statistical ensemble. We take advantage of the
spatial uniformity prevailing on average to simplify the calculations and to accelerate
convergence. Rather than fixing a point x and averaging over the values taken by the
fields at that position in the various realizations of the mixture, for each realization, we
first calculate volume averages over the fundamental cell and then average these values
over the different realizations. It is the result of this combined average that we identify
with the ensemble average { > used in the previous sections.

The pressure field is taken to have the form (7.4) with the part pY(x—%*" ;1) due to
the response of the bubbles to the mean gradient G calculated by a singularity method.
With the pressure determined, from (3.9) (without the collision force, which is
irrelevant for linear motion) one can calculate w for each particle in the unit cell and
its mean for each configuration

W= W 8.1)

The volume-averaged fluid acceleration & is obtained directly from a knowledge of w
noting that

- 1
pCuC =70fv —VpCdVC
(o}

NS
I [ GV+J p¥ndS—3; pcn"‘dS“}
Vﬂc oV a=1J §*

1 B .
_(;__.12 8.2)
B (
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Here V is the part of the fundamental cell ¥ occupied by the continuous phase. The first
step follows from an application of the (generalized) divergence theorem to the domain
of integration. The integral of py over the boundary oV of the fundamental cell
vanishes by periodicity, and the integral of p,. over the surface of the particles (with the
normal directed out of the particles) is just the particle mass times its acceleration. In
all realizations the volume fractions are the same so that, identifying N,/ ¥ with the
particle number density n, we may write mN,/V = ppon = p, fp.
Upon averaging the previous result over the realizations of the ensemble we find

poClic) = 5-G=E20, . 8.3)

It is readily verified using this result that the left-hand sides of (7.6) and (7.7) differ by
a sign, which confirms the relation §, A+, A, = 0 for this case. From either one of
these relations, therefore, the coefficient C can be calculated from W obtained as
specified above.

Here the relation f.A.+f, Ay =0 holds not only in an ensemble-average sense,
but also for each configuration in the sense of volume averaging. To show this we start
by noting that, while the mixture is isotropic on average, each individual realization is
not isotropic so that the volume-average analogue of C is a tensor. We therefore
rewrite (7.6), (7.7) in the form

Pc ﬁc_ G =3fnpc C-(ﬁ:~ﬁc), (8.4)
ppW—G =ifcpc C-(l—W). (8.5)

These equations are readily proven to be identical by virtue of (8.2). The numerical
evidence indicates that, for each configuration, the tensor € is symmetric.

In the next section we discuss the results derived from the numerical implementation
of the approach outlined here.

9. Numerical results

We show in figure 1 a graph of C versus the disperse-phase volume fraction g, for
different values of the density ratio p,/p.. The horizontal dashed line is Zuber’s result
C = 1. The two straight solid lines issuing from C =1, #, =0 are the dilute-limit
results (7.15) for p,/p- = 0 and infinity, respectively. The range of variation of C is
remarkably limited. For any density ratio, it remains within 10% of 1 for volume
fractions as large as 30%. For p, < p. this range extends to over 50%. The
dependence on concentration is somewhat stronger when the particle density is much
greater than the fluid density, but the maximum difference is about 20 % all the way
up to nearly close-packing.

To obtain these results, for each volume fraction, we used 40 realizations of 32
particles in the fundamental cell. To assess the randomness of the configurations we
checked the pair distribution function and found a very good agreement with the exact
solution of the Percus—Yevick equation for hard spheres. For each realization we have
taken the imposed pressure gradient G in three mutually orthogonal directions, which
effectively triples the number of different realizations of the mixture. At the lower
volume fractions (up to 30%), where the interparticle distance tends to be large, we
used from three to five singularities per particle (see Sangani et al. 1991 for details). At
larger volume fractions seven singularities per particle were used. Our study of the
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FIGURE 1. The coefficient C defined by (6.4) as a function of the disperse-phase volume fraction £,
for different values of the ratio p,/p, of the disperse- to the continuous-phase density. The two
straight lines issuing from C = 1, 8, = 0 are the dilute-limit results {7.15) for p,/p. = 0 and infinity,
respectively. The other lines correspond, in ascending order, to p,/p. =0, 0.1, 1, 10, 100.
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FIGURE 2. Percent of spheres separated by less than 0.0004 times the particle radius from
neighbouring spheres as a function of the disperse-phase volume fraction g,. These results have been
obtained from the configurations used to generated the previous figure.

reliability of this numerical method shows that these values are quite sufficient for
accuracy and reproducibility well within 1%.

A rather striking aspect of figure 1 is the marked change of slope occurring around
Pp = 0.45. This feature is not a numerical artifact but is in fact quite robust and it most
likely corresponds to the disorder-to-order phase transition for hard spheres that is
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known to take place in this region (Hansen & McDonald 1986). To test the nature of
this phase change we have calculated, as a function of the volume fraction g, the
fraction of spheres separated by less than ea, for different values of e. With the
configurations used, this curve is rather irregular unless ¢ is very small. Results for ¢ =
0.0004 (i.c. a separation of 4 x 10™* times the radius) are shown in figure 2. Although
the number of pairs of particles so close together is small, it is seen to undergo a
transition and to increase very markedly for 8, between 0.4 and 0.5. The peculiar
structure of the curves in figure 1 may therefore be due to the formation of nearly
touching sphere clusters in this range, although this is at this stage only a hypothesis.
In our earlier paper (Sangani et al. 1991) the quantity plotted was C, rather than C and
the different scale necessary to accommodate the greater range of variation obscured
this feature.

The results shown in figure 1 are averages. Information on the range of variation of
C would also be valuable. This cannot be obtained for C directly, however, because
only one value of this quantity is determined from the ensemble. However, we can
study this question by calculating the volume-average coefficient defined in the last
section by (8.4) or (8.5). This coefficient is a second-rank tensor whose nine components
can be calculated from the nine equations generated by taking the vector & in three
mutually orthogonal directions as explained above. The result is symmetric and the off-
diagonal terms are usually small, of the order of 2% of the diagonal ones. This latter
circumstance indicates that the individual realizations are nearly isotropic, which in
turn shows that the 32 particles used in the fundamental cell are sufficient. From each
calculated tensor we generate three scalars by evaluating the eigenvalues. Since the
calculation of the volume-averaged and the ensemble-average C values are different, it
is not surprising that the mean over the configurations of the volume-averaged C differs
slightly from the ensemble-average C. For example, for 8, = 10%, p, =0, we find
C = 0.9875 for the former and C = 0.9852 for the latter. For #, = 40%, p,, = 0 the two
values are 1.047 and 1.044, and for g, = 40%, p,/p. = 10 they are 1.134 and 1.133.

Some examples of the probability density distributions of the volume-averaged C are
shown as histograms in figure 3. Figure 3(a) is for f, = 10% and p,, = 0. Figures 3(b)
and 3(c) are both for 8, = 40%, one with p, = 0 and the other one for p,/p. = 10.
In these figures the dashed vertical line is the ensemble-average result and the dotted
vertical line the mean of the volume-averaged values. An obvious and perhaps
disappointing conclusion is that the probability distribution appears rather flat and
ranges over +10% or so from the mean. If the corresponding error bars were plotted
in figure 1, hardly any dependence of C on density and volume fraction would be
visible. This feature implies that attempts to measure or calculate C with great accuracy
are to some extent futile. In any single experiment there would be a substantial margin
of uncertainty as to what value effectively prevails. Another use of these results would
be to bracket computationally the expected range of experimental data.

To generate a better statistics, these results have been obtained with 200
configurations for £, = 10 % and 100 configurations for B, = 40 % (equivalent to 600
and 300 respectively with the three different choices of G). The values of the ensemble-
average C for these three cases, 0.9852, 1.044, and 1.133, compare quite well with the
corresponding ones, 0.9848, 1.045, and 1.135, obtained with 40 configurations. We
thus conclude that the number of configurations used to generate figure 1 is sufficient.
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FIGurE 3. Statistical distribution of the volume-averaged values of C (cf. section 9) for (a) 8, = 0.1,
pp = 0 obtained with 600 configurations, (b) 8, = 0.4, p, = 0 obtained with 300 configurations, and
(c) f, =04, p,/p. = 10 obtained with 300 configurations. The dashed vertical line is the ensemble-
average value and the dotted vertical line the mean of the volume-averaged values.
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10. Discussion

Wallis (1991 @, b) has devoted considerable effort to the inertial coupling of spheres
in inviscid, locally irrotational flow. Upon comparing equations (74) and (77) of Wallis
(1991 b) with our equations (3.4) and (3.14) (the latter written using the small-particle
results of §4) we find

ou ou
—peV-(BeM)~foAc = Epcﬁc[“aTc‘{”uc'vuc_EQ-un'vup

dE
dp.
V-BpTotpcfecMe)=—V-(Bepc EWW)+V[Bx(pp—Pc)l (10.2)

Here we have dropped the angle-bracket notation to indicate averages and W =
u.—u,. The quantities E and p,, are the exertia coefficient and disperse-phase pressure
introduced by Wallis. Up to a divergence-free field (that is presumably zero) the second
relation implies

W (V)= W (U )|~ pe VetttV 00 fo g5V o (10.)
C

BoTetpcfeMe=—pBcpc EWW+By(pp—pcH, (10.3)
where / is the identity tensor. For the difference p, —p. Wallis quotes the relation
dE
Pp—Pc =3P ﬂcaﬂ_ we, (10.4)
C

concerning which he, however, notes the lack a proof ‘that is valid for unsteady
motion’. In the dilute limit, with £ = £, and (10.4), by the dilute results (5.6) and (5.7)
for T. and M, the two terms in the left-hand side of (10.3) combine in such a way as
to give the right-hand side provided the disperse-phase Reynolds stress M,, can be
ignored. Hence our result coincides with Wallis’s in this limit. As for (10.1), again in
the dilute limit, we find that the two sides of the equation are identical for M, = 0. At
finite volume fractions, for the linear case of §6, the two models are also equal provided
that

E=1p,C. (10.5)

In view of this relation, the results presented in the previous section constitute an
explicit evaluation of E for this case.

In spite of these similarities, Wallis’s work is quite different from ours. The technique
that we have developed and used in this paper is quite general and can be applied to
a diversity of problems such as Stokes flow, heat conduction, stresses in composites,
and others (Zhang 1993; Prosperetti & Zhang 1994). Wallis’s approach, on the other
hand, rests heavily on potential theory. Secondly, his results depend on a number of
assumptions which, though physically insightful, lack a rigorous justification. The
validity of (10.4) is one example. Others are his reliance on the dipole approximation,
and his use of area and volume, as opposed to ensemble, averaging. Although all these
averaging techniques coincide for homogeneous systems, care is needed in interpreting
spatial averages for dense, non-homogeneous mixtures whereas ensemble averages are
always well defined. Finally, his results presuppose that all particles move with the
same velocity,

Sangani & Didwania (1993 4) have carried out a study similar to ours for p, =0
neglecting contributions from the particles’ Reynolds stress. Rather than obtaining
separate equations for the continuous and disperse phases, they obtain a mixture



Averaged equations for two-phase flow 209

equation and a disperse-phase equation. The present mixture equation can be obtained
by adding the two momentum equations (4.11), (4.12) to find

0
Pca@’c”c)‘*‘ﬂcv'wcuc uc)+Vp.

=V-BepcMc+BpTe+BpppMp)+(Bepe+bppp)g—<F.>+nF, (10.6)
The left-hand side of this equation is the same as that of Sangani & Didwania. After
carrying out a small-particle approximation similar to that of §4, Sangani & Didwania
write the right-hand side as V(P/+ 8, X), where P = B, p.+ fp, pp is the total mixture
pressure that may be identically rewritten as P = p, — 8,(p.—pp). One of the terms in
X is identical to our continuous-phase Reynolds stress tensor M. The remaining
terms, with the neglect of viscosity, are the divergence of

3
Paz'j‘*‘ﬂb Zg’ = [pc—PBp(pc—pp)] 61;‘*'45;2 {Pe—Ppoihy n; ds,
=p.0 —Bﬁ — — — ds 10.7
=P¢ ij+4na2 Kpe—pPp>1—(Pc pD)]ninj - (10.7)

With the approximation {p,>, & p,, this integral is identical to our — T, so that
Sangani & Didwania’s term Pé;;+f,X equals our p.d;,—f,Tc—pcfc M. The
correspondence is close since, as demonstrated by the explicit results of §5, both §, T
and M, are proportional to 8, for small £,,. A comparison of Sangani & Didwania’s
other momentum equation with the present results is given in Appendix C, and a more
complete discussion can be found in Bulthuis, Prosperetti & Sangani (1994).

In several papers, Drew, Lahey and co-workers (Drew 1989; Arnold, Drew & Lahey
1989; Park, Drew & Lahey 1992) have presented averaged equations derived by a
version of the so-called ‘cell model’. After correction of what appear to be misprints,
their results agree with those that we presented for the dilute case in § 5. There are some
important differences, however. The first one is that their final expressions are given in
expanded form, failing to recognize that they are the divergence of the tensor T,
defined in (4.10). As a consequence, the derivation of the equations is also more
complicated. Secondly, their result is based on a rather ad hoc implementation of
ensemble averaging. Thirdly, our derivation explicitly shows the result to be only valid
to O(fp) rather than for arbitrary volume fractions. Finally, they take the particles to
move with the same velocity so that their equations do not contain a term comparable
to M,

The trace of the divergence term in the right-hand side of the continuous-phase
momentum equation (5.11) is

1Pc VIpp(uc—up)’] = {(uc—up)* Vi, +3fp(uc—up) - Viue—uyp). (10.8)
The first term in the right-hand side of this equation is present in several multiphase
flow models (see e.g. Banerjee & Chan 1982; Pauchon & Banerjee 1986; Pauchon &
Smereka 1992) where it is written as (p,—pg) VB, with p the surface average
pressure. The expression p.—pg = o (u.—u,)? (cf. (10.4)) is deduced by averaging
the pressure over the surface of an isolated sphere in potential flow. It has been argued
in Prosperetti & Jones (1984) that the correct form of this contribution should instead
be V[g,(pc—ps)]. While this suggestion is supported by the present results, the
tensorial nature of this term was not identified in that study.
A distinctive feature of our work has been the manner in which the disperse-phase
momentum equation has been derived without explicit use of the particle constitutive
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relation. This approach, which is made possible by using averages separately defined
for each phase, may be preferable to the more common one in which the averaged
quantities are required to be defined at every point in space (see e.g. Batchelor 1970,
1972, 1974). Indeed, the continuous-phase averaged momentum equation cannot
physically be expected to depend on the detailed internal mechanics of the particles as
long as their outer boundary appears rigid to the suspending phase. We also find that
the motion of the disperse phase is determined by the continuous-phase pressure,
rather than by some ‘average’ pressure that includes a contribution from the particles
as, e.g., in Biesheuvel & van Wijngaarden (1984), Wallis (1991 &, b), and many others.
Again, this conforms with physical intuition. Any net effect of the particle internal
pressure on the motion of the disperse phase can only arise through a coupling with
the continuous-phase pressure mediated by a stress-balance condition at the
particle-fluid interface. The approach that we have taken avoids this rather involute
conceptual description and deals with the continuous-phase pressure directly.

With M, = 0 the dilute-limit model derived in §5 is not hyperbolic and, therefore
(Jones & Prosperetti 1985), unstable. As shown in §4, the model is invalid at the short
spatial scales that must be considered to test hyperbolicity and the first conclusion is
therefore of little significance per se. The instability, on the other hand, is real and
reflects the instability of the initial-value problem for spheres in potential flow
demonstrated by the direct numerical simulations of Sangani & Didwania (1993 5) and
by the considerations of Smereka & Milton (1991). The particle fluctuation velocity
(which has been ignored by virtually all previous investigators) may be expected to
counter somewhat the mutual attractive force between the particles and hence mitigate
the instability.

The numerical results of §9 for concentrated mixtures show that our equivalent of
the added-mass coefficient depends very little on volume fraction and density. We have
studied its statistics and have found that a +10% variability can be expected between
individual realizations of the ensemble. This result indicates that, for practical
purposes, little would be gained by attempting to determine the ensemble-average
value of this quantity with greater precision and a value C = 1 can be assumed for
practical purposes.

These computations furnish one example of a manner in which our results are useful
in practice. For example, on the basis of (5.6), one may try to parametrize the form of
T at finite volume fractions as

T = 3pc[2G(Kucy —<up)®
—1G(Cuc) — Cupp) (Kucd — up —ipc[2G, (Tr M) 1-3G, M), (10.9)
where the coefficients G, and G, are functions of 8, and p,/p. that equal 1 for
Bp =0, and to obtain these quantities numerically by means of direct simulations.
In a broader perspective, the quantities that are needed to close the model, such as T, or
A, are expressed in terms of well-defined computable integrals (cf. (4.10) and (3.13))
for which direct numerical simulation can be quite powerful.

Two important effects — particle collision and viscosity — have been neglected in this
study. The first one is small for the cases we have explicitly considered — dilute
suspensions or small-amplitude motion—but will be significant in many other
problems. Drag forces, as shown in Sangani & Didwania (1993 5b), are essential to
describe flows in which the particle distribution function cannot be prescribed as here
but evolves with time. These effects will be considered in future applications of the
present approach.

Finally, we note that the same technique demonstrated here can be applied to the
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case in which the particles have more degrees of freedom simply by including them as
additional arguments of the probability density function P(N;?). In a separate paper
(Zhang & Prosperetti 1994) we study the case of particles with a variable radius. The
extension to complex shapes characterized by orientation etc. is immediate. By the
same technique we have also obtained dilute-limit results for Stokes flow, heat
conduction and convection, and thermocapillary flow (Zhang 1993; Prosperetti &
Zhang 1993).

The authors express their gratitude to Professors A. Sangani, G. Wallis, R. Caflisch,
and G. Papanicolaou, for several comments and many interesting conversations on the
present problem and techniques. This study has been supported by DOE grant
DE-FG02-89ER 14043 and NSF grant CBT-8918144.

Appendix A

We derive here an equation corresponding to (2.31) for the partial time derivative of
the conditional average < f. ). There is a subtle point here that may be explained as
follows. At time ¢, { f.> ¢ s calculated by averaging f,. over the subset of all realizations
such that K particles are in some prescribed configuration € ¥. At time ¢+ d¢, for each
one of these realizations, the configuration of those K particles will have changed in a
different way since it is affected also by the motion of the N— K particles that are not
tracked in detail. Thus, if one were to think of d< f) /0t as the limit of the ratio of
the increments, there is no straightforward rule on which configurations to include in
calculating <{ f.> ¢ at time 7+ d¢. In the presence of this ambiguity, which definition to
adopt for this derivative depends on the ultimate use of this quantity. If, for example,
one needs to average the liquid momentum equation subject to one particle being in a
certain position at time ¢, where the particle in question is at 1+ dz 18 irrelevant and the
proper average must include all the possibilities. Because of these considerations we
define the partial time derivative of {(f>x at x fixed by

1

8 gx _ v fo (Fe o oo n s OPN—KIK;1)
SR = oy 46 fxe Je PV - K K47, KD

ot

K
+ 3 WV, (vefe PN—K1 K; D)+ 4% A (xofo PIN— K| K; r))]}. A1
a=1

The derivation of an explicit result requires an evolution equation for the conditional
probability. From the definition P(N— K| K;t) = P(N;t)/P(K; ) this can be obtained
from the probability equation for P(N;) and the corresponding equation for P(K; 7).
The latter is readily obtained by averaging the probability equation (2.2) over the
configurations of the late N— K particles. The result is

OP(K;1) X

— T Zjl (Vo [WP(K; D]+ A, [ P(K; )]} = 0, (A2)

where, for « = 1,2,..., K,

1

KW Py = N=K)!

J P(N—K|K; ) w*dg K. (A 3)

The new average introduced here is somewhat reminiscent of that defined in (2.37) but
bears no simple relation to it and is best indicated by a different symbol.
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With this result, some straightforward manipulations lead to

S0 = (L) ot

TR 2‘

K
P(i(c ) o E S Ao WD —w) P(K; DD . (A 4)

dEN K fow*-V x. PIN—K|K; 1)

The corresponding definition of the spatial derivative is unambiguous and the
calculation simpler. The result is

1

V- (BEfoupdy) = 5 <V‘(fcuc)>K+(N—___K_)!

Jd(gN“KfC u.-Vy.P(N—K|K;?).
(A3

Again using the kinematic boundary condition (2.30), the analogue of the result
(2.31) for the conditional average is found to be

0

S PESD+ I8 Soer) = (Lo 9-(fouo))

/}C & X
Pt 2 oA 07 = CF) PE; O (A0

With this result we may now write the average of the continuous-phase continuity
and momentum equations conditional to one particle being fixed at y with centre-of-
mass velocity w. By choosing f. = 1 we find

D40 (Bl Cued) = s (A [ — W) P 0D %)

to be compared with the unconditional form (3.3). Similarly, by taking /. = 4, we find
a‘ 1 1 IB%) 1
a(ﬂc uep)+V-(Beucucy,) = —;; Vpeo,+heg

Be

T Pa

Cac Ay [(W=KwH) P 0D, (A 8)

analogous to (3.4). The quantity w—<(w», is smaller than O(1) for g, — 0. Similarly,
to the same accuracy, fp =1, {ugucy, = uc){uc)1,{Vpc>, = V<{ps>,, while
0pL /0t = —0p5,/0t is negligible. Using these approximations, (5.1) and (5.2) are
obtained.

Appendix B. Detailed derivation of the results of §5

In view of the boundary conditions at infinity (5.3), it is advantageous to consider
simultaneously with (5.1), (5.2) the unconditionally averaged equations, also to O(1),
namely

V- ey =0, ®1)

pe [a<"c>+< ued-V <uc>]+v (e =0, (B2)
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Furthermore, it is convenient to change the frame of reference to one in which particle
1 is at rest. Indicating by a prime quantities evaluated in this non-inertial frame, we

write
Qupy, =V, (ugp) =Vé' (B3)
The Bernoulli integral of (5.2) is then
O s qurd, sy + e x+SE O n s s e+ 8222 (B 4)
or Pc or Pc
from which

<pc>_1p C__<Pc> O~ By Cupd — Uy ). (B

It should be noted that, since we are only interested in the difference between the two
pressures, all the calculations can be carried out in the non-inertial frame with no need
to correct for the acceleration of the frame which affects {p.> and {p.), equally.

We start by expanding ¢” around the centre y of the particle to find, at the generic
field point x,

’ - 1 /
¢'(x) = L5 (x=y)OVOEQ). (B 6)
1=0t"
Here and in the following we use an abbreviated notation such that

(x=y)OVOF () = (x—); (x=);, ... (x—3);,0;,8;, ... 0, ' D). B7)

The sphere centred at y is now introduced in the flow described by ¢’. It will be recalled
that the frame of reference has been selected so that this sphere is at rest. To calculate
the new potential ¢; it is useful to note that the quantity

= )OVO§ () (B8)

is independent of r = |x —y| and only depends on the angular coordinates measured
from the centre of the sphere. With this remark, and by either using Weiss’s theorem
or proceeding directly, it is easy to find

From this expression the component {u,>, of the velocity <uc), in the i-direction is
readily found as

Sy = ey
a\ (x—=y);(x—y)y -1 -1 47
+Z(1+1)|( ) [16,-,0—(2l+1)——~r—2x———](x—y)“ 18, VIV ¢'(y), (B10)

i=1

where Uy = zz(l il

is the ith component of the unconditionally averaged velocity <u).

(=)o, VI F (), (B11)
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B.1. Calculation of A}, and T

We use (B 4) to express the integrand in the approximation (4.7) for 4, and (B 6) and
(B 9) to calculate the time derivative of the difference of the potentials. To lowest order

in B, one finds )
ASn (g —g7) = — pp B
ot ! 5

— (a<u0>+ VA uy— w) (B 12)

where the last step follows upon expressing the result in terms of quantities referred to
the original frame.
To calculate the contribution of the nonlinear term in (B 6), we start by evaluating
it on the surface of the particle centred at y to find
Kugy - ugy,— ey ey

I+p-2

B EEO(IH)!(M 1)!
X [0 2,99 ¢ [0 8, VP )

=350, ¢" 0, 6", n; (G aj ¢ )+a(3n;0,0,¢' 0, ¢’
—5n;n;n, 0,0, ¢"0;4") + O(a?). (B 13)

Upon substitution into the surface integral in (4.7) we find

[Bpi+p+Dd,;—@2I+1)2p+1)n;n)

. J AS(upy- Uy = Uy, Caiphy) = Jow—C(ue)) ¥ ugy. (B 14)
Combining (B 12) and (B 14) we then have
[asn(<po= <o) = —oce| <5

The last step is to perform the integration over the particle velocity w. Since {u.)
is independent of this quantity, by (2.15), (4.1), and {2.38), we have

a<uey

gV gy — w] (B15)

alu _
Ap = %PC[ <arc>+<uc>'v<uc>]_%ﬂc w. (B 16)
The last term w has been calculated in (3.15) so that

5 (uc>

BpAp= Wcﬁv{aw’*‘w Vw— — Uy V<uc>} +30c V- (B My). (B17)

With the substitution of {u,» for w, which is legitimate to the present order of
accuracy, we recover the form (5.5) given in the text.

The calculation of T, is very similar. The integrand only differs from that of 4,, by
the presence of an extra factor n, which singles out different terms of the expansions
(B 6), (B 9), and (B 13). The calculation is otherwise identical to the one just described
and gives the result quoted in (5.6) in the text.

B.2. The Reynolds stresses

For the continuous phase we have, to the present order,

M. = —(ue—<uc)) (ue—<ucy)y
= — ey —<ue)) (uc), —<uc))> + O(Bp). (B 18)
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Thus

M. =— fdaw Jday P(y,w; ) ({ugd,— <)) Kty —ue)). (B 19)

We use the earlier result (B 10) for {u.),— {u.) = {uy),—<u,)y which, to leading
order, is

o= o) =3(2) G-Iy vn+o(5). @)

where r = x—y. Upon substitution into (B 19) and change of the integration variable
from y to r we have an expression with the structure

/= f (g)ﬁ Fx,r)d%. (B 21)

By adding and subtracting F(x,0) in the integrand we have

I= J (?)6 F(x,0)d* +4° f s F(x, as)— F(x, 0)] d®s, (B22)

where s = r/a. It is clear that, as a > 0, the second term tends to zero faster than ¢® and
therefore can be neglected to the present accuracy. With this simplification the integral
in (B 19) is straightforward and gives the result (5.7) quoted in the text.

For the disperse-phase Reynolds stress see the comments at the end of §5.

B.3. Rotating frame

Here the correction to A, given in (5.9) is derived.

Let us consider, in a frame rotating with an arbitrary angular velocity £2(¢), a flow
that is potential in the inertial laboratory frame. In the rotating frame the continuous-
phase velocity field has a uniform vorticity V x {u.) = 22 and, since the expression
(5.5) has been obtained under the assumption of irrotational flow, it will not represent
the correct value of A4, in the rotating frame. To amend this relation for rotation we
write

Ap=Ap+pc X, (B 23)

where A, is the form given by (5.5) and X must be determined. To this end we require
that, with this correction, 4, transform in an objective way upon a further change of
the coordinate system to another rotating frame, i.e.

AF = Q1) A4), (B24)

where Q is a suitable orthogonal matrix (see e.g. Drew et al. 1979) and the asterisk
denotes values in the second rotating frame. Upon imposing this condition on (B 23),
using the standard rules for the transformation of the velocity field, one finds

X*—Q(w—<uyd) = QX, (B 25)
or X=—-Q"7Q-(w—<u)+Q"X*, (B 26)

where the superscript T indicates the transpose. This relation is general and must hold
for any rotating frame, i.e. any Q. Let us consider then the particular Q necessary to
return to the laboratory frame countering the rotation £ of the rotating frame. In this
frame [V* (ud) —(V* <u}>)T] must vanish and, since (Drew et al. 1979)

V*ut) = QQT+Q(V<{u.)) Q”, (B 27)
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we find
0 = V* (u) —(V* Cug))”
= AQ7- Q4T +Q[V {u.>—(V<{uH)T1Q7, (B 28)
from which, using the orthogonality of Q,
ATQ—-QTA =V {u.>—(V<{u))*. (B 29)

Upon differentiation of the relation QTQ =/, with / the identity tensor, it is however
seen that Q7 and @ anticommute so that the previous relation can also be written as
2Q7Q = — [V Cue)—(V<ue)”l (B 30)
Since in the new frame {u,) is irrotational, (5.5) is applicable so that X™* vanishes.
Upon substitution of (B 30) into (B 26) one then finds
X =—w—C(uc)) x(Vx Cucy), (B 31)
which is the result (5.9) quoted in the text.

Appendix C
By H. F. Bulthuis
Department of Mechanical Engineering, The Johns Hopkins University,
Baltimore, MD 21218, USA

We derive here in a compact way a corrected form of the expression of Sangani &
Didwania (1993a) for the dispersed-phase impulse equation and the ‘particle’ or
disperse-phase stress tensor. This result may be obtained in many ways. An ab initio
derivation is given in Bulthuis ez al. (1994). Here we obtain it by starting from the
averaged momentum equations of §4. The recovery of the result of Bulthuis ez al. (1994)
and Sangani & Didwania (1993 4) in this way lends further support to the correctness
of the equations found in this paper.

For simplicity, following Sangani & Didwania (1993 a), we restrict our discussion to
the case of massless particles and also ignore gravitational and collisional forces. Then
the disperse- and continuous-phase momentum equations (4.11), (4.12) may be written

0 eI BN +Be Y pe) == P Ay + V- (B T, (D)

AoV <pc) = fpAp. (&)
Adding and applying the transport theorem of (2.31) we write

pcﬁc< ¢ V. (u, uc)> VP +V-(By To). ©3)

Let now ¢ be the exact microscopic velocity potential such that u. = V¢, and apply
the relation (2.23) to find

pobe( e+ V- eue)) = pofe (V- (Let ucuc))

= 9-{pepe (et +ucuc )

_pcfd%vJ’ ‘ dSyP(y,w,t)n.<%Ql+ucuc> (x. t|y,w). (C4)
x—y/=a 1
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We can convert the surface integral over the particles that touch the point x to an
integral over the surface of the particle centred at x by using a Taylor expansion similar
to that of (4.8). In this way we have

poPe( 24 o)) = V- (pe pe (Lot +ucus )

—pc Jdaw P(x,w,1) j

[x—yl=a

dsyn.<a%1+ucuc> . tlx, w)
1

+V'[Pc fdawP(x, w, 1) dSysn-<%¢t—Cl+uC uc> O, tlx, w)]. (o))
1

Jx-yi=a

We now note that, if J denotes the Kelvin impulse of the generic particle centred
at x,

= —pe fl s, nge C6)
we have, in view of (2.38), ’

nf:——pcfdawl’(x,w,t)f dSyn<a§SC+W uc> . tlx,w)
{x—yl=a

=—pc fd?»w P(x,w,?) dsS,n- <§%ﬁt—cl+ ug uc> , t|x,w), (o)
[x—yl=a 1

so that we may also write
a¢ =
Pcﬁc +V (ucuc) \pcBe I+"C"C +nJ

+V-[pcfd3wP(X, w, 1) dSysn-<%q%l+ucuc> .t x, w)}. (C¥
1

Upon using this relation to express the left-hand side of (C 3) and rearranging we then
may write

|x—yl=a

nf=—V.q?, (C9)

where o7 is the potential contribution to the particle stress given by

0" = pofo <ucuc>+pc/fc< ¢°‘>I+<pc>l ByTo

d
+pc Jd“’w P(x,w,1) - ds, sn- <%I+ 75 uc> W, t|x,w). (C10)
x—yl=a 1
Equation (C 9) may be recast in a different form by using (2.40) to express the left-hand
side, to find
onJ

a_+v (nwJ) = —V-(6* +a?), (C11)

where 6" is the kinetic part of the disperse-phase stress tensor
" = n(wJ —wJ). (C12)

Equations (C 11) and (C 12) were first given by Biesheuvel & Gorissen (1990) who,
however, did not derive an explicit representation for a?.
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The potential part o of the stress tensor may be rewritten in a different form by
noting that, from the Bernoulli integral, we have

o> =—pe(Be4tit). c13)

Hence, with the definition (4.10) of T,
ﬂD TC_ﬂD <PC>I =—pPc fd3WP(x: W, t) dSys" <pC’>1 (y: t,xa W)

lx—yl=a
Py y1n
ds, sn- T 1+3%1) (v, t|x,w).
1

(C 14)
With this relation, (C 10) for the potential part of the particle stress finally becomes

= pc Jd"w P(x,w,1)

|x—yl=a

6? = M—1Tt[M1l+p, —[d"w P(x,w; 1) sn-{ucue—3c D (v, tlx,w),
lx—yl—=a
(C15)

where M = p. . {u ucy is the average momentum flux of the continuous phase.
After correction of some errors, this expression can be brought to coincide that of
Sangani & Didwania (19934a). An alternative derivation and a complete discussion of
this matter is presented in Bulthuis et al. (1994).

REFERENCES

ARNOLD, G.S., DrREw, D.A. & LaHey, R. T. 1989 Derivation of constitutive equations for
interfacial force and Reynolds stress for a suspension of spheres using ensemble cell averaging.
Chem. Engng Commun. 86, 43-54.

AuTton, T. R, Hunt, J. C. R. & PrRUD’HOMME, M. 1988 The force exerted on a body in inviscid
unsteady non-uniform rotational flow. J. Fluid Mech. 197, 241-257.

BANERJEE, S. & CHAN, A. M. C. 1982 Separated flow model, I — analysis of the averaged and local
instantaneous formulations. Int! J. Multiphase Flow 6, 1-24.

BATCHELOR, G. K. 1970 The stress system in a suspension of force-free particles. J. Fluid Mech. 41,
545-570.

BATCHELOR, G. K. 1972 Sedimentation in a dilute dispersion of spheres. J. Fluid Mech. 52, 245-268,

BATCHELOR, G. K. 1974 Transport properties of two-phase materials with random structure. Ann.
Rev. Fluid Mech. 6, 227-255.

BiESHEUVEL, A. & GORISSEN, W. C. M. 1990 Void fraction disturbances in a uniform bubbly fluid.
Intl J. Multiphase Flow 16, 211-231.

BIEsHEUVEL, A. & SPOELSTRA, S. 1989 The added mass coefficient of a dispersion of spherical gas
bubbles in liquid. fntl J. Multiphase Flow 15, 911-924,

BIESHEUVEL, A. & WIINGAARDEN, L. vaN 1984 Two-phase flow equations for a dilute dispersion of
gas bubbles in liquid. J. Fluid Mech. 148, 301-318.

BurtHuis, H. F., PROSPERETTI, A. & SANGANI, A. S. 1994 ‘Particle stress’ in disperse two-phase
flow. J. Fluid Mech. (submitted).

CerCIGNANI, C. 1988 Kinetic Theory and Gas Dynamics. Springer.

Drew, D. A. 1983 Mathematical modeling of two-phase flow. Ann. Rev. Fluid Mech. 15, 261-291.

Drew, D. A. 1989 Effect of particle velocity fluctuations on the inertia coupling in two-phase flow.
In Constitutive Relationships and Models in Continuum Theories of Multiphase Flows (ed. R.
Decker), pp. 103-125. NASA Conf. Pub. 3047.

Drew, D. A. 1991 Effect of particle velocity fluctuations in particle fluid flows. Physica 179A,
69-80.



Averaged equations for two-phase flow 219

DRrew, D. A., CHENG, L. & LaHEY, R. T. 1979 The analysis of virtual mass effects in two-phase flow.
Intl J. Multiphase Flow 5, 233-242.

Drew, D. A. & WALLIS, G. B. 1992 Fundamentals of two-phase flow modeling. In Proc. 3rd Intl
Workshop on Two-Phase Flow Fundamentals, Imperial College, London.

HANSEN, J. P. & McDoNALD, I. R. 1986 Theory of Simple Liquids. Academic.

HincH, E. J. 1977 An averaged-equation approach to particle interactions in a fluid suspension. J.
Fluid Mech. 83, 695-720.

IrRVING, J. H. & KirkwooD, J. G. 1950 The statistical mechanical theory of transport processes. IV.
The equations of hydrodynamics. J. Chem. Phys. 18, 817-829.

JonEs, A. V. & PROSPERETTI, A. 1985 On the suitability of first-order differential models for two-
phase flow prediction. Int!/ J. Multiphase Flow 11, 133-148.

JosepH, D. D. & LUNDGREN, T.S. 1990 Ensemble average and mixture theory equations for
incompressible fluid—particle suspensions. Intl J. Multiphase Flow 16, 35-42.

Koch, D. L. 1990 Kinetic theory for a monodisperse gas-solid suspension. Phys. Fluids A 2,
1711-1723.

Kok, J.B. W. 1989 Dynamics of gas bubbles moving through liquid. Doctoral dissertation,
University of Twente, Enschede, The Netherlands.

LaNDAU, L. & LirsHiTZ, E. M. 1959 Fluid Mechanics, Chap. 1. Pergamon.

PARk, J. W., DreEw, D. A. & LaHEY, R. T. 1992 The analysis of void wave propagation in adiabatic
monodispersed bubbly two-phase flow using an ensemble-averaged two-fluid model. Intl J.
Multiphase Flow. (submitted).

PaucHoN, C. & BANERIEE, S. 1986 Interphase momentum interaction effects in the averaged
multifield model. Part I: Void propagation in bubbly flows. Int! J. Multiphase Flow 12, 559-573.

PaucHoN, C. & SMEREKA, P. 1992 Momentum interactions in dispersed flow: An averaging and a
variational approach. Intl J. Multiphase Flow 18, 65-87.

PrOSPERETTI, A. & JONEs, A. V. 1984 Pressure forces in disperse two-phase flows. Intl J. Multiphase
Flow 10, 425-440.

PROSPERETTI, A. & ZHANG, D. Z. 1993 Ensemble phase averaging for disperse two-phase flows. In
Proc. Eleventh Symp. on Energy Engineering Sciences. Argonne National Laboratories (in press).

SANGANL A. S. & DipwaNia, A. K. 1993a Dispersed-phase stress tensor in flows of bubbly liquids
at large Reynolds numbers. J. Fluid Mech. 248, 27-54.

SANGANL, A. S. & DIDWANIA, A. K. 19935 Dynamic simulations of flows of bubbly liquids at large
Reynolds numbers. J. Fluid Mech. 250, 307-337.

SANGANI, A. S. & PROSPERETTI, A. 1993 Numerical simulation of the motion of particles at large
Reynolds numbers. In Particulate Two-Phase Flow (ed. M. Roco), pp. 971-998. Butterworth—
Heinemann.

SANGANIL, A. S., ZHANG, D. Z. & PROSPERETTI, A. 1991 The added mass, Basset, and viscous drag
coefficients in nondilute bubbly liquids undergoing small-amplitude oscillatory motion. Phys.
Fluids A 3, 2955-2970.

SMEREKA, P. & MILTON, G. W. 1991 Bubbly flow and its relation to conduction in composites. J.
Fluid Mech. 233, 65-81.

WaALLIS, G. B. 1991a Two-phase potential flow. In Proc. 9th Symp. on Energy Engineering Sciences.
Argonne National Laboratory Rep. CONF-9105116, pp. 32-39.

WaALLIS, G. B. 19915 The averaged Bernoulli equation and macroscopic equations of motion for the
potential flow of a two-phase dispersion. Int! J. Multiphase Flow 17, 683—695.

WIUNGAARDEN, L. vaAN 1976 Hydrodynamic interactions between gas bubbles in liquid. J. Fluid
Mech. 77, 27-44.

ZHANG, D. Z. 1993 Ensemble phase averaged equations for multiphase flows. Doctoral dissertation,
Department of Mechanical Engineering, Johns Hopkins University.

ZHANG, D. Z. & PROSPERETTI, A. 1994 Ensemble phasic averaged equations for bubbly flows. Phys
Fluids (submitted).

ZuprRr, N. 1964 On the dispersed two-phase flow in the laminar regime. Chem. Engng Sci. 19,
897-917.



